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Abstract. We show that in the rank-stable limit, the inclusion of the moduli 
space of based instantons over S 4 into a certain completion is a homotopy 
equivalence. We prove also an analogous result for the moduli space of instan- 
tons over P 2 . 



1. Introduction 

Given a principal SU(r) bundle P S* 4 , an instanton is a connection V on 
P whose curvature Fv is a minimum of the Yang-Mills functional J |Pv| 2 - The 
moduli space DJl(P) of instantons based at xq € S 4 is the quotient of the space of 
instantons by the action of the gauge group of automorphisms of P which are the 
identity on xq. It depends only on r and ca(P) = k so we represent it by 9Jt£(i? 4 ). 
In [3], Nakajima introduced a completion 9Jl k (S 4 ) of 9K^(S' 4 ) which is a resolution 
of singularities of the usual Donaldson-Uhlenbeck completion of 97t£(i!? ). In this 
paper we extend this result to instantons on P 2 and show that, in the limit when 
r — > oo, the inclusions 9Jt — > 9Jt arc homotopy equivalences. 

For r' > r there is an inclusion of pairs (9Jt fe ,9Jt£) — > (%jf k ,TX k induced by the 
inclusion SU(r) -> SU(r'). In [2], gj it was shown that the direct limit Mf(X) 
liin. M r k (X) has the homotopy type of BU(k) for X = S 14 , and BU(k) x BU(k) for 
X = P 2 . 

2. Instantons on S* 4 

We summarize the monad description of instantons on S and P 2 and the reso- 
lution of singularities of its completion introduced in [3] . Let IF be a fc-dimensional 
hermitian vector space. Let lZ k be the space of configurations (ai,a.2,6, c) with 
a t £ End(VU), b € Hom(C' r , W), c e Hom(W^, C r ), obeying the integrability condi- 
tion 

[oi,Oa] + be = 
and the perturbed moment map equation 

[oi, a*] + [02, Oj] + bb* - c*c = -( 

for some non-zero real parameter £. Let lZ k C lZ k be the subspace of 4-tuples 
obeying the two non-degeneracy conditions 

(1) There is no proper subspace W C W such that 

ImbdW' and a,(W') C W (i = 1,2) 

(2) There is no nonempty subspace W C W such that 

W' C Kerc and a t {W) C W (i = 1,2) 
l 
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Observe that these conditions are automatically satisfied if both b and c have max- 
imal rank. The group U(W) acts freely on lZ k by 

g ■ (a 1} a 2 ,b,c) = (gaxg' 1 , ga 2 g~ 1 , gb, cg^ 1 ) 

The quotient 7Z r k /U(W) is isomorphic to the moduli space DJl^S 4 ) and the quotient 
2H)j(5 4 ) = 1Z/U(W) is a resolution of singularities of the Donaldson-Uhlenbeck 
completion of 9tt£(S 4 ). 

Now we consider the limit when r —¥ oo. For r' > r, the inclusion C r — > C* 
induces a map « rjr ' : W k — > lZ k . This map preserves the subspace 1Z and descends 
to the quotient to give a map of pairs 

(Ml(5 4 ),^ fe (5 4 )) -> (M r fe '(5 4 ),<(5 4 )) 
We define 0Jl^(5 4 ) = lim^S 4 ), I)C(S 4 ) = limMfe(5 4 ). 

r r 

Theorem 2.1. TTie inclusion j : aJtg°(S 4 ) -> M fe (S* 4 ) is a homotopy equivalence. 

Proof. We first show that the space 7\L£° is contractible. This space is a CW- 
complex hence it is enough to show that its homotopy groups are trivial, and this 
will follow if we show that the inclusions i r ,r+2k '■ TZ£ H k +2k are null-homotopic. 
We identify C r+2k with C ® W ® W via a complex hermitian isomorphism. Then 
we pick (b,(c & K such that ( c — — C an d define a homotopy H : TZ k — > lZ k +2k 

by 

H t (ai,a 2 ,b,c) = - i oi, Vl - * a 2 , 6 t , c t ) 

where 

It is a direct verification that iJ is a well defined homotopy between i r , r +2k and 
a constant map. Furthermore, since bt,Ct both have maximal rank for t 0, the 
restriction of _ff to 7?.£ defines a homotopy 7? : Wj. — > TZ r k +2k . Hence we also 
conclude that 7££° is contractible. 

We now observe that the principal [/-bundle IZ^ — > 9Jt^°(S' 4 ) is the pullback 
j*7\L£° of the bundle 7\L£° — > ^ffC k . Applying the five lemma to the long exact sequence 
of homotopy groups associated with these principal bundles, it follows that j induces 
isomorphisms on all homotopy groups, hence it is a homotopy equivalence. □ 

3. Instantons on P 2 

We now look at instantons on P 2 . We begin by sketching the monad description 
introduced in jjQ. Let Wq,Wi be /c-dimensional hermitian vector spaces. Let C k 
be the space of configurations m = (a\, aa, d, b, c) where at G Horn (Wi, Wo), d G 
Hom(W , Wi), b G Hom(C, W ), c G Hom(Wi, C r ), such that ai(Wi) + a 2 (Vi) + 
6(C) = Wo, obeying the integrability condition 

a\da 2 — a 2 da\ + be = 0. 

Let C k C C£ be the subspace of configurations obeying the non-degeneracy condi- 
tions 
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(1) There are no proper subspaces Wq C Wo and W[ C W\ such that 
dim W„ = dimW{, Imb C W^, d{W^) C W^ and a^W-O 1,2) 

(2) There are no nonempty subspaces Wq C Wo and W( C Wi such that 

dim Wq = dimW;, W[ C Kerc, d(Wg) C W{ and ^(Wi) C Wq (i = 1,2) 

These conditions are automatically satisfied if 6 and c have maximal rank. The 
group GZ(Wo) x GZ(Wi) acts on CjT by 

(3o,5i) ' (ai,a 2 ,d,o,c) = (c/oaigf 1 ,3oa23r 1 ,3i rf 3o~ 1 '5 , ofe,cg 1 " 1 ) 



The restriction of this action to C k is free and the quotient is isomorphic to the 
moduli space W k {¥ 2 ). 

Now let W k C C r k be the subspace of configurations obeying the moment map 
equations 

{a\a\ + a,2a*2 + bb* = 1 
aj(l + d*d)ai + a*,(l + d*d)a 2 + c*c = 1 + dd* 

Using the first equation, we can write the second equation in the sometimes more 
useful form 

[dai, (dai)* } + [dai, (dai)* ] — a*ai — a* 2 a2 + db(db)* — c*c = —1 

Let K r k = C r k CMl r k . The Gl{W ) x Gi(Wi) action on C r k induces a free U{W ) x U{Wi) 
action on lZ k and the quotient is also isomorphic to 9Jt£(P 2 ) (see p]). 

We now perturb the moment map equations by introducing a non-integer positive 
parameter ( € K + \ Z: 



(1) 



Oia\ + <22&2 + bb* = 1 

a*(l + d*d)ai + a?,(l + d*d)a 2 + c*c = ( + dd* 
Again, we can substitute the second equation by 

(2) [ dai, (dai)* ] + [ dai, (dai)* ] — ajai — a*,a2 + db(db)* — c*c = — £ 
We let TZq C C denote the sobspace of solutions to these equations. 
Theorem 3.1. The U{W a ) x U{W X ) action on K c is free. 

Proof. Suppose (go,gi) stabilizes (ai, 02, d, b, c). Let Wi(X) c W, denote the A- 
eigenspace of g^. Then 

d(W (A)) c Wi(A), Oi(Wi(A)) c W (A) (i=l,2) 

and, for A 7^ 1, 

W (A) C Ker6* and Wi(A) C Kerc 

Hence, restricting the perturbed moment map equations {1} to W^(A). A ^ 1, and 
substituting ([2]) for the second equation we get 

{a\a\ + 020*2 = 1 
[dai, (dai)* ] + [dai, (dai)* ] — ajai — a*,a2 = — ( 

Taking the trace, since Tr(aiai + 0202) = Tr(aiai + 0^02) we get dimWo(A) = 
CdimWi(A). This is impossible unless Wo (A) = Wi(A) = for any A ^ 1 which 
implies that (30,51) = (1, !)■ D 
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Let WllO? 2 ) be the quotient of U r (k by the U(W ) x U(Wx) action. We again 
have maps of pairs 

(M r fe (P 2 ),97T fe (P 2 )) (M£> 2 ),ajr fe '(P 2 )) 

and we define 0712° (S 4 ) = lim9Jt;(S 4 ), M^°(5 4 ) = UmM£(S 4 ). 

r r 

Theorem 3.2. The inclusion j : Mf (P 2 ) M fe (P 2 ) is a homotopy equivalence. 

Proof. The proof follows the same lines as the one for S 4 . We will show that the 
inclusions i r , r +3k '■ ^ — > ^ +2fc are null-homotopic. First we identify C r+3fe with 
C © Wo © Wo © Wi via a complex hermitian isomorphism. Then we define a 
homotopy H :K r k ^ K r k +2k by 



b t = (\/T=tb 0) Ct = 



H t (ai,a 2 ,d,b,c) = (y/l-tai , Vl - <&2 , d , b t , c t ) 

where 

V*d* 


v v^i y 

It is a direct verification that iJ is a well defined homotopy between i r , r +2k and 
the map / : W k — > 7?,£ + given by f(ai,a 2 ,d,b,c) = (0, 0, d, £>i, Ci). Furthermore, 
the restriction of if to 7££ defines a homotopy H : 7l r k —> TZ r k +2k . To conclude the 
proof we follow if with another homotopy 

F t {a u 02, d, 6, c) = (0, 0, (1 - i) d, &i, C t ) 

where 

c t = (o (i-i)d* o Vci) T 

F is then a homotopy between / and a constant map, which finishes the proof. □ 
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